We give new and improved results on the freeness of subgroups of free profinite groups: A subgroup containing the normal closure of a finite word in the elements of a basis is free; Every infinite index subgroup of a finitely generated nonabelian free profinite group is contained in an infinitely generated free profinite subgroup. These results are combined with the twisted wreath product approach of Haran, an observation on the action of compact groups, and a rank counting argument to prove a conjecture of Bary-Soroker, Fehm, and Wiese, thus providing a quite general sufficient condition for subgroups to be free profinite. As a result of our work, we are able to address a conjecture of Jarden on the Hilbertianity of fields generated by torsion points of abelian varieties.
Introduction
One of the most celebrated theorems of classical group theory is the theorem of Nielsen and Schreier stating that every subgroup of a free group is free. This theorem has attracted much attention, and proofs from rather diverse mathematical disciplines like abstract group theory, algebraic topology, geometric group theory, and Bass-Serre theory have been given (see [DHLS] , [FJ, Proposition 17.5.6] , [Hig, Chapter 14] , [How] , [Rot, , [RS] , and [SW, Chapter 2] ).
In Field Arithmetic, a central task is to extend the Nielsen-Schreier theorem to the realm of profinite groups. Unfortunately, the 2-Sylow subgroup of a free profinite group has only 2-groups as finite images, so it is not a free profinite group. It is therefore apparent that the theorem does not extend to the profinite setting in the strict sense, and much of the work carried out by Bary-Soroker, Binz, Chatzidakis, Fehm, Gildenhuys, Haran, Harbater, Iwasawa, Jarden, Lubotzky, Lim, Melnikov, Neukirch, Ribes, Steinberg, V.D. Dries, Wenzel, Wiese, Zalesskii and others, produced sufficient conditions for the permanence of profinite freeness in closed subgroups.
Besides the intrinsic group theoretic interest of exploring a free profinite group by examining the structure of its closed subgroups (these are the projective objects in the category of profinite groups), extensions of the Nielsen-Schreier theorem to profinite groups prove to be of arithmetical importance for two reasons:
• Free profinite groups arise as absolute Galois groups of fields, so any information about a closed subgroup, tells us something about the absolute Galois group of a field extension. In particular, the profinite freeness of a closed subgroup provides us with a solution of the inverse Galois problem over its fixed field in a rather strong sense.
• Free profinite groups and absolute Galois groups of Hilbertian fields (see Definition 6) exhibit many similar properties, and the techniques used to study these object have a lot in common (for example, [Ja80] , [Ja97] , and [JL99] ). Most notably, there is an analogy between sufficient conditions for the profinite freeness of a subgroup, and sufficient conditions for Hilbertianity of a field extension.
This analogy is called the Twinning Principle of Jarden and Lubotzky (see [JL92] and [Ha99a] , [BP] for later work in this direction). This principle suggested the validity of several theorems, fruitfully passing from free profinite groups to Hilbertian fields and vice versa (see [BS] , [Ha99a] , and [Ha99b] ). It is therefore of no surprise that Bary-Soroker, Fehm, and Wiese conjectured a generalization of [BFW, Theorem 5.7] (the countably infinite case of Theorem 1.1) once they have established the field theoretic analogue in [BFW, Theorem 3.2] . In our work we prove this generalization, thus giving a quite general sufficient condition for the profinite freeness of a closed subgroup of a free profinite group. Theorem 1.1 Let F be a nonabelian free profinite group, and let N ⊳ c F be a closed normal subgroup such that F/N is of finite abeliansimple length. Then any closed subgroup N ≤ H ≤ c F is a free profinite group.
The definition of the class of groups of fixed abelian-simple length appears in [BFW, Section 2] , and is given in the section devoted to these groups in our work (Section 5, Definition 5). The reason to consider this class of groups is twofold: First, this class, being defined by restricting the length of certain normal series, contains several natural classes of profinite groups like the class of abelian groups, and the class of groups with a vanishing k-th commutator for some fixed k ∈ N (see the abelian case in [FJ, Corollary 25.4.8] and the generalization of it to the solvable one in Corollary 6.2). Second, groups from this class appear as certain images of Galois groups of field extensions formed by such arithmetical operations as adjoining torsion points from abelian varieties (or alternatively, taking fields fixed by kernels of modular Galois representations). For more on this point, see the proof of Corollary 6.6 and that of Theorem 6.4.
However straightforward is the analogy between Theorem 1.1 and its counterpart in fields ( [BFW, Theorem 3.2] ), the proof of [BFW, Theorem 3 .2] does not provide the full arsenal of tools necessary to prove Theorem 1.1. The most challenging case of Theorem 1.1 is the finitely generated one. Some of the machinery required for its proof is therefore, combinatorial and is developed in the 3 rd section, in which we prove the verbal subgroup theorem generalizing a result of Melnikov (he was able to prove the case H = N of Theorem 1.2, see [RZ, Theorem 8.9 .1] or [FJ, Proposition 25.8 .1]) in the case of a finitely generated free group: Theorem 1.2 Let F be a finitely generated free profinite group, and let H ≤ c F be a closed subgroup of infinite index in F . Suppose that there is some closed normal subgroup N ⊳ c F contained in H, such that N contains a nontrivial finite word in the elements (and inverses) of some basis for F . Then H is a free profinite group of rank ℵ 0 .
We feel that the verbal subgroup theorem is a useful tool in establishing the profinite freeness of closed subgroups, which will be utilized and generalized in future work. Furthermore, we prove the intermediate subgroup theorem which resembles another theorem of Melnikov (see [RZ, Theorem 8.9.9] or [FJ, Proposition 25.8.3] for his analogue for normal subgroups): Theorem 1.3 Let F be a nonabelian finitely generated free profinite group, and let H ≤ c F be a closed subgroup of infinite index in F . Then there exists a free profinite subgroup
From the very statement of this theorem it is apparent that it aims at creating a link between profinite freeness in the finitely generated case, and profinite freeness in the infinitely generated one. We hope to further generalize this result, and to combine it with the fact that a countably generated free profinite group is an inverse limit of finitely generated ones, to establish a connection between the following three objects using the twinning principle:
• The absolute Galois group of a Hilbertian field (an arithmetic object).
• The free profinite group of rank ℵ 0 (a group-theoretic object).
• A finitely generated free profinite group (a combinatorial object).
It should be noted that making precise the analogy between these objects served as the initial motivation for trying to prove Theorem 1.1, in a hope that the proof of it will contain some of the arguments needed for a "Twinning Theorem" that will shed light on the mechanism behind the twinning principle. An example of such a theorem is the result stating that a countable pseudo algebraically closed field (see Definition 6) is Hilbertian if and only if its absolute Galois group is free profinite of infinite rank.
In the 4 th section, we unveil the last ingredient of the proof of Theorem 1.1 -the decomposition of the action of a compact group on a product of nonabelian finite simple groups. In the 5 th section, after giving some definitions and basic properties, we prove the infinitely generated case of Theorem 1.1, and handle the finitely generated case by combining a rank counting argument with the tools developed throughout.
In the last section, we mainly give applications of Theorem 1.1. Most notably, we prove Theorem 6.4 and use it to deduce the Hilbertianity of fields coming from the Kuykian conjecture (see [BFW, Theorem 1.3] , [FP] , [FJP] , and [Ja10] ): Theorem 1.4 Let k ≥ 2. For almost every σ 1 , . . . , σ k ∈ Gal(Q/Q) with respect to the Haar measure, the fixed field of σ 1 , . . . , σ k inside Q denoted by L, satisfies the following:
Background
Here we survey some basic notation and definitions essential for our work, and prove or cite some basic results.
Our working category will be that of profinite groups. In view of that, group theoretic properties should be understood in the topological sense (unless stated otherwise). For example, subgroups are closed (denoted by ≤ c , or ≤ o if the subgroup is also open), homomorphisms are continuous, and so on.
Let G be a profinite group and let X be a subset of G. We say that X generates G if the abstract subgroup of G generated by X is dense in G, and that X converges to 1 if every open subgroup U of G contains all but a finite number of the elements of X. G is called finitely generated if it contains a finite subset X that generates it in the aforementioned topological sense. More generally, we define d(G) to be the smallest cardinality of a set of generators of G converging to 1.
By an embedding problem for a profinite group G we mean a diagram G A B θ α where θ, α are continuous epimorphisms of profinite groups. The problem is called finite if A is a finite group. We say that the problem is solvable if there exists a continuous homomorphism λ : G → A making the diagram commutative, and properly solvable if λ can be taken to be surjective. Let F be a profinite group generated by X ⊆ F converging to 1. We say that F is a free profinite group if every function α : X → L to a finite group L with α(x) = 1 for only finitely many x ∈ X, extends to a continuous group homomrphism β : F → L. In this case, X is said to be a profinite basis of F , and the rank of F is defined by rank(F ) = |X|. The rank does not depend on the choice of a basis, and is given intrinsically by d(F ) (determining F up to isomorphism). Analogously, the rank of an abstract free group is the size of a basis (a free generating set -a set which generates the group and satisfies no relations).
Let F be a free profinite group on a set X (i.e X is a profinite basis). Let Φ be the abstract subgroup generated by X (Φ is free by [RZ, Corollary 3.3.14] and [RZ, Proposition 3.3.15] applied to the formation of all finite groups). By [Wil, Proposition 5.1.3'] , F is isomorphic to the profinite completion of Φ with respect to the family of those finite-index normal subgroups (of Φ) that contain all but finitely many elements of X (this allows us to construct the free profinite groups as completions of abstract free groups). Note that if X is finite, (we will be mostly interested in this case) then the free profinite group on X is just the ordinary profinite completion of the abstract free group on X. In the following claim, we generalize and simplify the argument given in [RZ, Theorem 3.6 .2, Case 1].
Proposition 2.1 Let F be a free profinite group on a finite set X, and let U ≤ o F . Denote by Φ the free abstract subgroup of F generated by X, and let Y be a basis for U ∩ Φ. Then Y is a profinite basis for U .
Proof Set U 0 = U ∩ Φ, and note that since Φ is dense in F , U 0 is dense in U (that is U 0 = U because the intersection of a dense set with a nonempty open set is dense). Therefore, Y generates U , so in order to show that Y is a profinite basis, we take some mapping to a finite group α : Y → L. Since Y is a basis of U 0 , there is a homomorphism γ : U 0 → L extending α. Set N = Ker(γ), and note that by [RZ, Proposition 3.2.2 (d) ] (applied to Φ, and the formation of all finite groups),γ :
It is important to note that Proposition 2.1 does not generalize to the case of an infinite basis, since in this case Y does not have to converge to 1.
For an abstract free group F on a set X, each w ∈ F has a unique reduced presentation as a finite product of elements of X and their inverses:
We set length X (w) = m, and say that w starts with x ǫ 1 1 . The following proposition guarantees the existence of bases with additional properties.
Proposition 2.2 Let F be a free abstract (respectively, profinite) group with a basis (respectively, profinite basis) X = {x 1 , . . . , x n }, n ∈ N, and let K ≤ F be a subgroup of finite index (respectively, K ≤ o F ). Then for any t ∈ X ∪ X −1 not in K, there is a basis (respectively, profinite basis) Y for K such that:
1. If some g ∈ K (respectively, g ∈ K which is in the abstract subgroup generated by X) starts with t then length Y (g) < length X (g).
Proof For abstract free groups we have [FJ, Proposition 17.5 .6], so we shall treat only the profinite case. Let Φ be the free abstract group generated by X, and note that [Φ : (Φ ∩ K)] ≤ [F : K] < ∞ and that t / ∈ (Φ∩K) so we can use the abstract version of our proposition to find a basis Y for Φ∩K such that X ∩K ⊆ X ∩(K ∩Φ) ⊆ Y . Furthermore, for any g ∈ (K ∩ Φ) the inequality length Y (g) < length X (g) holds. To conclude, note that by Proposition 2.1, Y is a profinite basis for K.
Proposition 2.2 as well as several other results in the following section, has an appropriate analogue for the case of infinite rank. These analogues have more technical and complicated statements, and they are not necessary for proving our main assertions. Hence, in order to facilitate our exposition and to keep it as elementary as possible, we stick to the finitely generated case where appropriate.
We finish the background section with a simple application of a lemma of Gaschutz (see [FJ, Lemma 17.7 
.2]).
Proposition 2.3 Let F be a finitely generated free profinite group, and let N ⊳ c F . Then there exists a basis X of F such that:
Proof Let φ : F → F/N be the quotient map, and set n = d(F ), m = d(F/N ). Pick some h 1 , . . . , h m generating F/N , and apply [FJ, Lemma 17.7 .2] to φ : F → F/N and to the system h 1 , . . . , h m , 1, . . . , 1 of generators of F/N consisting of n elements. We get a generating set X = {x 1 , . . . , x n } for F , such that φ(x j ) = 1 for each m < j ≤ n. By [RZ, Lemma 3.3.5 (b) ], X is a basis for F , and x m+1 , . . . , x n ∈ (X ∩N ) as required.
Combinatorics, Words, and Embedding Problems
In view of Iwasawa's criterion (see [FJ, Corollary 24.8.3] ), the ability to properly solve embedding problems constitutes the technical heart of establishing the profinite freeness of a profinite group. Here, we give several combinatorial arguments that will aid us in acquiring this ability.
We present a basic claim, the proof of which is an application of the pigeonhole principle. 
Then there is a proper solution ψ : F → A satisfying:
Proof By the pigeonhole principle, there is some b ∈ B such that:
Hence, we can and find a function
with image equal to α −1 (b). We extend ψ to X by taking ψ(x i ) to be an arbitrary element of α −1 (θ(x i )) for each 1 ≤ i ≤ k with θ(x i ) = b, and ψ(x i ) = λ(x i ) for k + 1 ≤ i ≤ r. Since X is a basis, ψ extends (uniquely) to a continuous homomorphism ψ : F → A, with αψ = θ on X, and thus on all of F . Now, let {x 1 , . . . , x k } ⊆ H ≤ c F , set G = ψ(H) and note that α −1 (b) ⊆ G generates a subgroup that contains Ker(α), so:
and we have a proper solution with ψ(H) = A as required.
In the following, we combine Proposition 3.1 and Proposition 2.2 to derive some plausible condition on a closed subgroup of a finitely generated free profinite group, sufficient for properly solving a "bunch" of embedding problems. Proof Consider such an embedding problem. Using [FJ, Lemma 1.2.5 (c)], we extend θ to some H ≤ L ≤ o F . By our assumption, F has a basis (2)) that there is some r ∈ N, and a basis
Since α is surjective, we can choose some
to X, and to λ, we get a proper solution ψ : L → A satisfying ψ(H) = A (since θ(H) = B), so we have a proper solution for our initial embedding problem as required.
Besides the role that the next lemma plays in the upcoming corollaries, it can be used to generalize a group theoretic lemma of Levi (see [FJ, Lemma 17.5 .10]), and a theorem of Takahasi (see [MKS, Theorem 2.12] ) to arbitrary descending chains (by appealing to [FJ, Proposition 17.5 .6] instead of Proposition 2.2 which is used in the proof of our lemma). A more general form of our lemma, appears in [MKS, Section 2.4, Exercise 36].
Lemma 3.3 Let F be a free group on a finite set X, and let {U i } i∈N be a strictly descending chain of finite-index subgroups. Put
and suppose that rank(L) ≥ n for some n ∈ N. Then there exists some j ∈ N and a basis C of U j such that |C ∩ L| ≥ n.
Proof Suppose that the conclusion does not hold, and set:
By the Nielsen-Schreier theorem, subgroups of F possess bases, so R = ∅, and we can pick some (j, A) ∈ R with r = |A ∩ L| < n the largest possible over all of R. Since r < rank(L), it follows that there is some l ∈ L which is not generated by A ∩ L. Define:
By the above, (l, j, A) ∈ S so S = ∅, and we can choose some (w, d, B) ∈ S which minimizes length B (w) over S. Let
be the corresponding reduced presentation with b i ∈ B, ǫ i ∈ {±1}, where 1 ≤ i ≤ k and k = length B (w).
and the basis B, we conclude that there is a basis Y for U p such that
and length Y (w) < length B (w) since w ∈ L ≤ U p starts with b ǫ 1 1 . It is clear that (w, p, Y ) ∈ S so we have a contradiction to minimality.
In the following sequence of corollaries, we establish the verbal subgroup theorem (see Theorem 1.2).
Corollary 3.4 Let F be a free profinite group on a finite set X, and let H ≤ c F . Denote by Φ the abstract subgroup of F generated by X, and suppose that rank(H ∩ Φ) ≥ n for some n ∈ N. Then there exists some H ≤ V ≤ o F , and a basis C of V such that |H ∩ C| ≥ n.
Proof If H ≤ o F , then we can just take V = H and any basis of it, so we may assume that there is a strictly descending sequence {V i } i∈N of open subgroups of F intersecting in H (just combine [RZ, Proposition 2.5.1 (b) ] with [RZ, Proposition 2.1.4 (a)]). Set
for every i ∈ N, and note that by [RZ, Proposition 3 
for all i ∈ N, so we have defined a strictly decreasing sequence of finite index subgroups of Φ intersecting in Φ ∩ H. By Lemma 3.3, there is some j ∈ N, and a basis C of U j such that |H ∩ C| ≥ |(H ∩ Φ) ∩ C| ≥ n. Finally, we infer that C is a basis for V j from Proposition 2.1. Proof This is immediate from Lemma 3.4 and Proposition 3.2.
Corollary 3.6 Let F be a free profinite group on a finite set X, and let H ≤ c F . Denote by Φ the abstract subgroup of F generated by X, and suppose that rank(H ∩ Φ) = ∞. Then H is a free profinite group of rank ℵ 0 .
Proof By Corollary 3.5, every finite embedding problem for H is properly solvable, so we invoke [FJ, Corollary 24.8.3 ]. Now, the verbal subgroup theorem (see Theorem 1.2) is a corollary.
Corollary 3.7 Let F be a free profinite group on a finite set X, and let H ≤ c F be a closed subgroup of infinite index in F . Denote by Φ the abstract subgroup of F generated by X, and suppose that there is some Proof We inductively construct an ascending sequence of closed subgroups {H n } n∈N , and a strictly descending sequence of open subgroups {F n } n∈N subject to:
2. H n ≤ F n , and [F n : H n ] = ∞.
Any finite embedding problem
with |A| ≤ n, and infinite index subgroup H n ≤ K ≤ c F n is properly solvable.
Part A: Inductive construction Since our conditions are satisfied for n = 0, we pick some positive n ∈ N, and assume that F n−1 and H n−1 have already been defined. We can pick some H n−1 ≤ K 0 ≤ c F n−1 with [F n−1 : K 0 ] = ∞ and an embedding problem
with |A 0 | ≤ n, which is not properly solvable, for if such a choice cannot be made, we set H n = H n−1 and take F n to be any proper open subgroup of F n−1 containing H n (this is possible in view of (2)), thus finishing our inductive construction since (2) and (3) are satisfied. Extend θ 0 to some
using [FJ, Lemma 1.2.5], and note that since [U : K 0 ] = ∞ we may well assume that m = rank(U ) ≥ 2n, and that U = F n−1 as it is possible to switch U by some proper open subgroup, thus arbitrarily increasing the rank in view of [RZ, Theorem 3.6.2 (b) ]. It follows from Proposition 2.3, and from the inequalities
that there is a basis {u 1 , . . . , u m } for U , such that {u n+1 , . . . , u m } ⊆ Ker(θ 0 ). Set
It is clear that H n−1 ≤ H n ≤ c F n o F n−1 so in order to finish our inductive construction, we need to verify conditions (2) and (3).
Condition (2) holds:
Towards a contradiction, assume that H n ≤ o U . By Proposition 2.2 (2), there is a basis C = {c 1 , . . . , c n , u n+1 , . . . , u m } for H n . Note that the restriction of θ 0 to H n is surjective since K 0 ≤ H n . Denote by λ : {u n+1 , . . . , u m } → A 0 the function which equals 1 ∈ A 0 identically. It follows from Proposition 3.1 (applied to H n , m ≥ 2n ≥ |A|, and λ), that the embedding problem
. . , ψ(u m ) = ψ(K 0 ) so ψ| K 0 contradicts our choice of K 0 and of the embedding problem.
Condition (3) holds:
Take a finite embedding problem
Clearly, {u n+1 , . . . , u m } ⊆ K, and m − n ≥ 2n − n = n ≥ |A| so a proper solution exists in view of Proposition 3.2. Thus, we have completed our induction.
and note that H r ≤ H m ≤ F m ≤ F r for every m, r ∈ N with m ≥ r. By omitting H m and taking the intersection over all m ≥ r, we conclude that
Since L is the intersection of a strictly descending series, for all r ∈ N we have [F r : L] = ∞ so every finite embedding problem for L is properly solvable in view of (3). Our assertion is now a consequence of [FJ, Corollary 24.8.3] .
An action of a compact group
First, a little remark regarding our notation is in place. For an element x ∈ i A i we write x i for its i-th coordinate, and we identify A i with the subgroup of all elements x with x j = 1, for all j = i.
The following lemma will provide us with an abundance of finite normal subgroups, which are useful for proving profinite freeness. Intrinsically, it shows that in some special case, the action of a compact group disassembles into finite actions. Proof Let i ∈ I, g ∈ G, and 1 = x ∈ S i . Clearly S i ⊳ M , so since G acts by continuous automorphisms, gS i ⊳ M is isomorphic to S i . Since at least one of the projections of gS i defined by I must be nontrivial, it follows from [RZ, Lemma 8.2.4 ] that there exists some t ∈ I such that gS i = S t . Therefore, G acts as a permutation group on I. Furthermore, from the same lemma, we deduce that:
Lemma 4.1 Let G be a compact group acting continuously, by automorphisms, on a nontrivial product of nonabelian finite simple groups
Since {m ∈ M : m i = 1} is open, the continuity of the action of G on M guarantees that
is open as well. Since (1, x) ∈ V , the definition of the product topology provides us with an open neighborhood U of 1 in G such that U × {x} ⊆ V , which means that U ⊆ G S i . Clearly, G S i = U G S i is an open subgroup of G. The cosets of G S i form a disjoint open covering of the compact group G, so [G : G S i ] is finite. It follows that the G-orbit of i is finite, so partitioning I into its G-orbits gives us the result.
In the following proposition, we achieve profinite freeness using the finite normal subgroups guaranteed to exist by the properties of the action of a compact group as proved in the previous lemma. 
Groups of finite length
We recall the definition of a class of profinite groups defined in [BFW] .
Definition Let G be a profinite group. We define the generalized derived subgroup D(G) of G to be the intersection of all open normal subgroups M ⊳ o G for which G/M is either an abelian group or a nonabelian finite simple group. The generalized derived series is defined inductively:
Plainly, this is a strictly descending series of closed normal subgroups of G (see [BFW, Lemma 2.1] ). Moreover, we define the abeliansimple length of G, denoted by l(G), to be the smallest r ∈ N for which D r (G) = {1}. In the absence of such a natural number, we set l(G) = ∞.
The following claims give some basic properties related to abeliansimple length, and generalized derived subgroups.
Proposition 5.1 Let G be a profinite group with l(G) < ∞, and let
Proof Set N = U G ⊳ o G (the intersection of all the G-conjugates of U ). By [BFW, Proposition 2.9, Lemma 2.2, Lemma 2.7 (2)]:
Proposition 5.2 Let G be a profinite group, and set M = G/D(G).
Then there are characteristic subgroups A, P ≤ c M with A abelian and P a product of nonabelian finite simple groups, such that M = A × P .
Proof Let A be the intersection of all N ⊳ o M with M/N a nonabelian finite simple group, and let P be the commutator of M . Clearly, A and P are characteristic in M , and A ∩ P = {1} (by definition of D(G)). Towards a contradiction, suppose that AP M , and pick some maximal proper AP ≤ L ⊳ o M . By [FJ, Lemma 18.3.11] , M/A is isomorphic to a product of nonabelian finite simple groups, and M/L is a nonabelian finite simple group (since A ≤ L is maximal). On the other hand, P ≤ c L so M/L is abelian, leading to a contradiction. Therefore, AP = M so M = A × P , and P ∼ = M/A so P is isomorphic to a product of nonabelian finite simple groups. Finally, A ∼ = M/P which is an abelian group.
We shortly recall the terminology of twisted wreath products. Let A and G 0 ≤ G be finite groups with a right action by group automorphisms of G 0 on A. Define:
This is a group under pointwise multiplication, on which G acts by group automorphisms from the right by f σ (τ ) = f (στ ), for σ, τ ∈ G.
The twisted wreath product is defined to be the semidirect product
In the following theorem we utilize the twisted wreath product approach to prove the generalization of [BFW, Theorem 5.7 ] to arbitrary infinite rank, thus treating the case of infinite rank in Theorem 1.1. Our proof is just a translation to group theory (using the Galois correspondence) of the field theoretic argument given in the proof of [BFW, Theorem 3.2] . We may thus assume that [D m (F )R : R] = ∞. In order to show that R is a free profinite group, we apply [Ha99a, Theorem 2.2]. Let 
does not have a proper solution. Towards a contradiction, suppose that there is a proper solution
In light of that, [BFW, Proposition 2.11] tells us that
Take a nontrivial t ∈ I. By [BFW, Lemma 2.7 (1)], there is some
From our definition of m and [BFW, Lemma 2.7 (1)], we infer that D m+1 (F ) ≤ c N , so:
This is a contradiction to the choice of t since t = λ(T ) = λ(1) = 1.
Now, we combine all of the tools developed in this work to establish Theorem 1.1 (in view of Theorem 5.3, we should only treat the finitely generated case).
Theorem 5.4 Let F be a free profinite group of finite rank m ≥ 2. Let N ⊳ c F , set R = F/N , and suppose that l(R) < ∞. Then any N ≤ H ≤ c F of infinite index is a free profinite group of rank ℵ 0 .
Proof Let δ : F → R be the quotient map, and let H 0 = δ(H). We may assume, without loss of generality, that N = H F (that is, there are no proper closed F -normal subgroups between N and H) for otherwise we change N accordingly (taking it to be the intersection of all the F -conjugates of H), and the length does not grow in view of [BFW, Lemma 2.7 
where P is a direct product of nonabelian finite simple groups, A is an abelian group, and A, P are characteristic in D k (R), and thus A, P ⊳ c R. If P = {1}, then P H 0 and we arrive at the desired conclusion by applying Proposition 4.2.
Therefore, we may assume that P = {1} so A = D k (R) = {1} by definition of k. Since A⊳ c R, we can intersect A with a system coming from [RZ, Theorem 2.1.3 (c)] , to obtain a descending chain of open subgroups of A, {U i } i∈I such that U i ⊳ c R for each i ∈ I and i∈I U i = {1}.
Since A H 0 , we infer from [RZ, Proposition 2.1.4 (a) ] that there is some j ∈ I such that A H 0 U j . We distinguish between two cases:
By Theorem 3.8, we can pick a free profinite subgroup H ≤ M ≤ c F of rank ℵ 0 , and set M 0 = δ(M ). By [BFW, Proposition 2 .9], we have [RZ, Theorem 3.6.2 (b) ]). Using [RZ, Theorem 3.6.2 (b) , Corollary 3.6.3] and the fact that V V B, we see that
where the last inequality follows at once from our bound on d(V ). That is, we have shown that
From Proposition 2.3, we conclude that there is a basis {v 1 , . . . , v n } of V with v 1 , v 2 ∈ U . U/N = U j is abelian, so the commutator [v 1 , v 2 ] ∈ N , and this allows us to use Corollary 3.7 to conclude that N ≤ c H ≤ c V is a free profinite group of rank ℵ 0 .
Applications
Here, several applications of our main result are given. In what follows, we formulate and prove the group theoretic analogue of [BFW, Theorem 5.4 ]. 
we conclude that for the intersection of the conjugates of L we have:
in F/N , so by [BFW, Proposition 2.8] , F/N is of finite abelian-simple length, and our assertion is a consequence of Theorem 1.1 in view of the fact that N ≤ K ≤ M ≤ F . Now, we prove the analogue of [BFW, Theorem 5.3] , thus generalizing [RZ, Corollary 8.9.3] for the formation of all finite groups.
Corollary 6.2 Let F be a nonabelian free profinite group, and let N ⊳ c F be a closed normal subgroup of F such that F/N is solvable. Then any N ≤ K ≤ c F is a free profinite group.
Proof The generalized derived series of F/N coincides with its derived series (formed by taking successive commutators) which terminates (at {1}) after a finite number of steps. Hence, l(F/N ) < ∞ and we arrive at our result by applying Theorem 1.1. Fix some n ∈ N. By a finite n-dimensional representation of a profinite group we mean a continuous homomorphism to GL n (K), for some field K (equipped with the discrete topology). We give the group theoretic analogue of [BFW, Theorem 5 .1].
Corollary 6.3 Let F be a nonabelian free profinite group, and n ∈ N. Denote by Ω the family of all finite n-dimensional representations of F , and set N = ρ∈Ω Ker(ρ).
Then any N ≤ H ≤ c F is a free profinite group.
Proof The argument given in the proof of [BFW, Theorem 5 .1] is essentially group theoretic, showing that l(F/N ) < ∞ so we may apply Theorem 1.1.
Next we prove the group theoretic analogue of [BFW, Theorem 1.2] , but let us first make a remark regarding [BFW, Lemma 4.3] . For this, recall that the subgroup rank of a topological group G is defined to be:
[BFW, Lemma 4.3] invokes [FJ, Proposition 22.14.4 ] which gives a uniform bound on the number of generators of all closed subgroups of a matrix group over the p-adic integers. Therefore, [BFW, Lemma 4.3] gives us in fact a little more: The subgroup rank of every compact subgroup of a matrix group over a finite extension of a p-adic field is finite.
Theorem 6.4 Let F be a nonabelian free profinite group, fix some n ∈ N, and for each prime number l, let σ l : F → GL n (Q l ) be a continuous representation. Set
Then any infinite index subgroup N ≤ H ≤ c F is a free profinite group of rank max{rank(F ), ℵ 0 }. We have seen that K ∩ N q = K q = G q ≤ H, so by the diamond theorem, we may assume that H contains either K or N q . If K ≤ H, then by [BFW, Proposition 2.8] , l(F/K) = sup p l(F/K p ) ≤ m so we invoke either Theorem 5.4 or Theorem 5.3. On the other hand, if N q ≤ H we may appeal to the next lemma (Lemma 6.5) since the subgroup rank of F/N q is finite.
In the following lemma we complete the proof of Theorem 6.4. The proof uses the notions of semi-free and projective profinite groups defined in [BHH] and in [RZ, Section 7 .6] respectively. Lemma 6.5 Let F be a free profinite group of rank m ≥ 2, and let N ⊳ c F such that the subgroup rank of F/N is finite. Then every infinite index subgroup N ≤ H ≤ c F is a free profinite group of rank max{m, ℵ 0 }.
Proof First, assume that m is infinite. Since the subgroup rank of F/N is finite, it follows that F/N is finitely generated and so is every continuous image of it, so in particular, F/H F is finitely generated. Hence, by [BHH, Main Theorem II] , H is a semi-free profinite group of rank m. From [RZ, Lemma 7.6.3 (b) ] (applied to the variety of all finite groups), we infer that H is a projective group, and thus a free profinite group of rank m in view of [BHH, Theorem 3.6] . Now suppose that m < ∞. Since [F : H] = ∞, there are subgroups H ≤ V ≤ o F of arbitrarily high index (see [RZ, Proposition 2.3 
.2 (b)]).
Since the subgroup rank of F/N is finite, there is some At last, we give some applications of arithmetic flavor. Let us begin by fixing notation, and recalling some terminology.
Definition Let L be a field, and denote by L its algebraic closure. We say that:
• L is PAC (Pseudo Algebraically Closed) if for every f (X, Y ) ∈ L [X, Y ] which is irreducible in L[X, Y ], there are x 0 , y 0 ∈ L with f (x 0 , y 0 ) = 0.
• L is Hilbertian if for every irreducible polynomial
is irreducible.
• L is ω-free if every finite embedding problem for G L is properly solvable.
For an abelian variety A/L (A is defined over L), we have the following notation:
• For k ∈ N, A[k] denotes the set of points of A whose order divides k, and A tor = k∈N A[k].
• For a prime number l set:
• For a subset S ⊆ A, denote by L(S) the subfield of L generated over L by the coordinates of points in S.
Fix some integer m ≥ 2. By [FJ, Corollary 23.1.2] , there exists a perfect PAC field L whose absolute Galois group G L is a free profinite group of rank m, as this group is projective. Furthermore, for almost every σ 1 , . . . , σ m ∈ Gal(Q) m (with respect to the Haar measure on Gal(Q) m ) the subfield of Q fixed by σ 1 , . . . , σ m is a perfect PAC field with absolute Galois group free profinite of rank m (see [FJ, Chapter 20] ). The following corollary establishes Theorem 1.4. Corollary 6.6 Let L be a perfect PAC field with a nonabelian finitely generated free profinite absolute Galois group. Let A/L be an abelian variety, and let K/L be an infinite extension contained in L(A tor ). Then K is Hilbertian.
Proof We may assume that d = dim(A) is positive, for otherwise there is nothing to prove. For each prime number l let
be the Galois representation associated with the action of the absolute Galois group G L on the Tate module T l (A) ∼ = Z 2d l . Applying a basic property of inverse limits ([RZ, Proposition 1.1.10]) to T l (A), one is able to deduce that Ker(ρ l ) = G L(A[l ∞ ]) , and thus
Since any torsion abelian group is the sum of its l-subgroups, we infer that
where the second equality stems from the fact that the addition of a finite set of points from A is given by rational functions (defined over L) of their coordinates. It is clear from the properties of the Galois correspondence that the absolute Galois group G K is a closed subgroup of infinite index in G L , containing ∩ l Ker(ρ l ). By Theorem 6.4, G K is a free profinite group of rank ℵ 0 , and K is PAC in view of [FJ, Corollary 11.2.5] . Hence, by [RZ, Corollary 3.5 .10], K is ω-free. We arrive at our result by applying [FJ, Corollary 27.3.3] .
Our final application is a consequence of the intermediate subgroup theorem.
Corollary 6.7 Let L be a perfect PAC field with a nonabelian finitely generated free profinite absolute Galois group. Let K/L be an infinite extension. Then there exists a Hilbertian field L ≤ M ≤ K.
Proof Clearly, G K is a closed subgroup of infinite index in G L so by Theorem 3.8, there is a free profinite subgroup G K ≤ H ≤ c G L of rank ℵ 0 . Set M = L H , and note that M is ω-free by [RZ, Corollary 3.5 .10], and PAC by [FJ, Corollary 11.2.5] . The Hilbertianity of M follows from [FJ, Corollary 27.3.3] .
